Assignment description.

Language: Matlab.

Level: Advanced.

Price: 100$

Programming Assignment and Solution.
Exercise 1
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Solution

Source listing:

%Exercise 1

%Solving ODE system

%ODE system y1'=alfa-y1-4*y1*y2/(1+y1^2) 

%           y2'=beta*y1*(1-y2/(1+y1^2))

%

%

clc

%initialize 

h = 0.01;

% vector of starting value

Y0 = [0; 2];

%Exercise 1.a

% Has used function rk4 it is classical 4-stage Runge-Kutta method for parameter beta = 2

[T,Y] = rk4('mysyst2',[0 20],Y0,h);

figure(1)

subplot(2,2,1)

plot(T,Y(1,:))

xlabel('t'); ylabel('y_1')

title('a) \beta = 2, \beta < \beta_c=3.5')

subplot(2,2,2)

plot(Y(1,:),Y(2,:)) 

xlabel('y_1'); ylabel('y_2')

title('b) \beta = 2, \beta < \beta_c=3.5')

% Has used function rk4 it is classical 4-stage Runge-Kutta method for parameter beta = 4

[T,Y] = rk4('mysyst4',[0 20],Y0,h);

figure(1)

subplot(2,2,3)

plot(T,Y(1,:))

xlabel('t'); ylabel('y_1')

title('c) \beta = 4, \beta > \beta_c=3.5')

subplot(2,2,4)

plot(Y(1,:),Y(2,:)) 

xlabel('y_1'); ylabel('y_2')

title('d) \beta = 4, \beta > \beta_c=3.5')

%Exercise 1.b The situation closer to the critical value beta = 3*alfa/5-25/alfa = 3.5

% Has used function ODE45 it is method Runge-Kutta for parameter beta = 3.5

[T,Y] = ode45('mysyst35',[0 20],Y0);

figure(2)

subplot(1,2,1)

plot(T,Y(:,1))

xlabel('t'); ylabel('y_1')

title('a) \beta = \beta_c = 3.5, The critical value')

subplot(1,2,2)

plot(Y(:,1),Y(:,2)) 

xlabel('y_1'); ylabel('y_2')

title('b) \beta = \beta_c = 3.5, The critical value')

function F = mysyst2(t,y)

alfa = 10; beta = 2;

F = [alfa-y(1)-(4*y(1).*y(2)./(1+y(1).^2)); beta*y(1).*(1-(y(2)./(1+y(1).^2)))];
function F = mysyst35(t,y)

alfa = 10; beta = 3.5;

F = [alfa-y(1)-(4*y(1).*y(2)./(1+y(1).^2)); beta*y(1).*(1-(y(2)./(1+y(1).^2)))];
function F = mysyst4(t,y)

alfa = 10; beta = 4;

F = [alfa-y(1)-(4*y(1).*y(2)./(1+y(1).^2)); beta*y(1).*(1-(y(2)./(1+y(1).^2)))];
function [t,y] = rk4(f,tspan,y0,h)

%

%  [t,y] = rk4(f,tspan,y0,h)

%

% A simple integration routine to solve the

% initial value ODE y' = f(t,y), y(a) = y0,

% using the classical 4-stage Runge-Kutta method

% with a fixed step size h.

% tspan = [a b] is the integration interval.

% Note that y and f can be vector functions

y0 = shiftdim(y0); %make sure y0 is a colomn vector

m = length(y0); %problem size

t = tspan(1):h:tspan(2); % output abscissae

N = length(t)-1; % number of step

y = zeros(m,N+1);

y(:,1) = y0; %initialize

% Integrate

for i=1:N

    % Calculate the four stages

    K1 = feval(f, t(i),      y(:,i)         );


    K2 = feval(f, t(i)+0.5*h,y(:,i)+0.5*h*K1);

    K3 = feval(f, t(i)+0.5*h,y(:,i)+0.5*h*K2);

    K4 = feval(f, t(i)+h,    y(:,i)+h*K3    );

    % Evaluate approximate solution at next step

    y(:,i+1) = y(:,i) +h/6*(K1+2*K2+2*K3+K4);

end

Have received the following figures:
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Figure 1
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Figure 2

Conclusion.

In figure 1 plot y1 vs. t and y2 vs. y1  for beta = 2 and beta = 4 is shown. 

Has used classical 4-stage Runge-Kutta method.

In figure 1b trajectories oscillate without damping and are attracted

to a stable limit cycle is shown.

In figure 1d solution trajectories decay in amplitude and 

spiral in phase space into a stable fixed point is shown. 

In figure 2 plot y1 vs. t and y2 vs. y1  for beta = 3.5 is shown. 

The critical value  of parameter beta.
Exercise 2
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Solution

Source listing:

%Exercise 2
%Solving ODE 

%ODE  Mq''=2*S*(e^(-2S(q-q0))-e^(-S(q-q0)))

%

%

clc

%initialize 

step = 1000;

h = (2000-0)/step;

% vector of starting value

Y0 = [1.4155; 1.545/48.888];

%Exercise 2

% Has used function ODE45 it is  Runge-Kutta methodfor step = 1000

% with local error tolerance 1.e-4

options = odeset('RelTol',1.0e-4);

%[T,Q] = ode45('mysystExers2',[0 2000],Y0,options);

figure(1)

plot(Q(:,1),Q(:,2)) 

xlabel('q'); ylabel('p/M')

title('ODE45 with a local error tolerance 1.e-4')

figure(2)

M = 0.9953;

h1 = Hamilt(Q(:,1),Q(:,2))-Hamilt(1.4155, M*1.545/48.888);

plot(T(1:1500),h1(1:1500))

xlabel('t'); ylabel('H(q(t),p(t))-H(q(0),p(0))')

function H = Hamilt(q,p)

% It is Hamilton function

D = 90.5*0.4814e-3; 

S = 1.814; 

q0 = 1.41; 

M = 0.9953; 

H = p.*M^(-1).*(p/2)+D*((1-exp(-S*(q-q0))).^2);
function F = mysystExers2(t,q)

D = 90.5*0.4814e-3; S = 1.814; q0 = 1.41; M = 0.9953;  

F = [ q(2); 

    2*S/M*(exp(-2*S*(q(1)-q0))-exp(-S*(q(1)-q0)))];
Have received the following figures:
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Figure 1
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Figure 2 

Conclusion.

In figure 1 plot p/M vs. q for  0<=t<=2000 is shown. 

Has used function ODE45 with a local error tolerance 1.e-4

In figure 2  H(q(t),p(t))-H(q(0),p(0)) vs. t is shown.

In figure 2 function oscillate with the big frequency between values

-4.8*10^-4 and 1*10^-4
Exercise 3
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Solution

Source listing:

%Exercise 3

%Solving ODE system

%ODE system u1'' = u1+2*u2'-mu1*(u1+mu)/D1-mu*(u1-mu1)/D2 

%           u2'' = u2-2*u1'-mu1*u2/D1-mu*u2/D2

%  if u1'' = y1' and u2'' = y2' then

%     y1' = u1+2y2-mu1*(u1+mu)/D1-mu*(u1-mu1)/D2    

%     y2' = u2-2y1-mu1*u2/D1-mu*u2/D2

%     u1' = y1  

%     u2' = y2

clc

%initialize 

step = 100;

h = (17.1-0)/step;

% vector of starting value

Y0 = [0.994; 0; 0; -2.00158510637908252240537862224];

%Exercise 3

% Has used function ODE45 it is  Runge-Kutta methodfor step = 100

% with local error tolerance 1.e-6

options = odeset('RelTol',1.0e-6);

[T,U] = ode45('mysystExers3',[0 17.1],Y0,options);

figure(1)

plot(U(:,1),U(:,2)) 

xlabel('u_1'); ylabel('u_2')

title('a) ODE45 with a local error tolerance 1.e-6')

% Has used function rk4 it is classical 4-stage Runge-Kutta method for step = 100

[T,U] = rk4('mysystExers3',[0 17.1],Y0,h);

figure(2)

subplot(2,2,1)

plot(U(1,:),U(2,:)) 

xlabel('u_1'); ylabel('u_2')

title('a) classical Runge-Kutta method, step= 100')

% Has used function rk4 it is classical 4-stage Runge-Kutta method for step = 1000

step = 1000;

h = (17.1-0)/step;

[T,U] = rk4('mysystExers3',[0 17.1],Y0,h);

figure(2)

subplot(2,2,2)

plot(U(1,:),U(2,:)) 

xlabel('u_1'); ylabel('u_2')

title('b) classical Runge-Kutta method, step= 1000')

% Has used function rk4 it is classical 4-stage Runge-Kutta method for step = 10000

step = 10000;

h = (17.1-0)/step;

[T,U] = rk4('mysystExers3',[0 17.1],Y0,h);

figure(2)

subplot(2,2,3)

plot(U(1,:),U(2,:)) 

xlabel('u_1'); ylabel('u_2')

title('c) classical Runge-Kutta method, step= 10000')

% Has used function rk4 it is classical 4-stage Runge-Kutta method for step = 20000

step = 20000;

h = (17.1-0)/step;

[T,U] = rk4('mysystExers3',[0 17.1],Y0,h);

figure(2)

subplot(2,2,4)

plot(U(1,:),U(2,:)) 

xlabel('u_1'); ylabel('u_2')

title('d) classical Runge-Kutta method, step= 20000')

function F = mysystExers3(t,u)

mu = 0.012277471; mu1 = 1- mu;  

F = [ u(3); 

     u(4);

    u(1)+2*u(4)-mu1*(u(1)+mu)./(((u(1)+mu).^2+u(2).^2).^(3/2))-mu*(u(1)-mu1)./(((u(1)-mu1).^2+u(2).^2).^(3/2)); 

    u(2)-2*u(3)-mu1*u(2)./(((u(1)+mu).^2+u(2).^2).^(3/2))-mu*u(2)./(((u(1)-mu1).^2+u(2).^2).^(3/2))];

function [t,y] = rk4(f,tspan,y0,h)

%

%  [t,y] = rk4(f,tspan,y0,h)

%

% A simple integration routine to solve the

% initial value ODE y' = f(t,y), y(a) = y0,

% using the classical 4-stage Runge-Kutta method

% with a fixed step size h.

% tspan = [a b] is the integration interval.

% Note that y and f can be vector functions

y0 = shiftdim(y0); %make sure y0 is a colomn vector

m = length(y0); %problem size

t = tspan(1):h:tspan(2); % output abscissae

N = length(t)-1; % number of step

y = zeros(m,N+1);

y(:,1) = y0; %initialize

% Integrate

for i=1:N

    % Calculate the four stages

    K1 = feval(f, t(i),      y(:,i)         );


    K2 = feval(f, t(i)+0.5*h,y(:,i)+0.5*h*K1);

    K3 = feval(f, t(i)+0.5*h,y(:,i)+0.5*h*K2);

    K4 = feval(f, t(i)+h,    y(:,i)+h*K3    );

    % Evaluate approximate solution at next step

    y(:,i+1) = y(:,i) +h/6*(K1+2*K2+2*K3+K4);

end

Have received the following figures:
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Figure 1
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Figure 2

Conclusion. 

In figure 1 the orbit is shown. Has used function ODE45 with a local error tolerance 1.e-6. 

In figure 2 the orbit for each case step = 100, 1000, 10000 and 20000 is shown. The orbit qualitatively correct if uniform steps 100.

